Abstract. The characterization of Hadamard states in terms of a specific form of the wavefront set of their two-point functions has been developed some years ago by Radzikowski for scalar fields on a four-dimensional globally hyperbolic spacetime, and initiated a major progress in the understanding of Hadamard states and the further development of quantum field theory in curved spacetime. In the present work, the characterization of Hadamard states through a particular form of the wavefront set of their two-point functions will be generalized from scalar fields to vector fields (sections in a vector bundle) which are subject to a wave-equation and are quantized so as to fulfill the covariant canonical commutation relations, or which obey a Dirac equation and are quantized according to the covariant anti-commutation relations, in any globally hyperbolic spacetime having dimension three or higher.
Introduction
In quantum field theory on curved spacetime, Hadamard states have acquired a prominent status; they are now recognized as defining the class of physical states for quantum fields obeying linear wave equations on any globally hyperbolic spacetime. The original motivation for introducing Hadamard states was the observation that they allow a definition of the expectation value of the energy-momentum tensor with reasonable properties [40, 15, 42] , thus Hadamard states may be viewed as the states with finite energy density. This rests basically on the fact that the two-point functions of Hadamard states all have -by the very definition of Hadamard states -the same singular part which is determined by the spacetime metric and the wave equation obeyed by the quantum field (via the 'Hadamard recursion relations') and which mimics the singular behaviour of the vacuum state's two-point function for linear quantum fields in flat spacetime.
A major progress in the study of Hadamard states was initiated by the observation that, for the free scalar field, the Hadamard condition on the two-point function of a quantum field state can be characterized in terms of a particular, antisymmetric form of the wavefront set of the two-point function [31] . This made it possible to apply the powerful methods of microlocal analysis (see e.g. the monographs [21, 22, 36] ) for further study of Hadamard states. We mention here the following results that consequently arose: (a) It was possible to rigorously formulate conditions relating regular behaviour of the energy-momentum tensor in Hadamard states of the free scalar field to the impossibility of producing closed causal curves ("time machines") [23] .
(b) 'Worldline energy inequalities' have been established for Hadamard states [13] .
(c) A covariant definition of Wick-polynomials of the free scalar field has been given, and generalizations of the flat space spectrum condition to curved spacetime by a 'microlocal spectrum condition' [5] .
(d) A local, covariant perturbative construction of P (φ) 4 theories on curved spacetime has been developed along the approach by Epstein and Glaser [4] .
Recently we have shown [33] that the microlocal spectrum condition for the two-point function -that is, requiring the form of the wavefront set to be of a particular, antisymmetric form -derives, for vector-valued quantum fields subject to a linear wave equation on a stationary spacetime, from passivity of the corresponding quantum state, where a state is called passive if it is a mixture of ground-and KMS-states (thermal equilibrium states at finite temperature) with respect to the stationary time-parameter. This further supports the point of view that the microlocal spectrum condition expresses a form of dynamical stability, much like the spectrum condition (or, more generally, the 'relativistic KMS condition' [3] ) for quantum fields on flat spacetime.
The present paper may be viewed as accompanying our work [33] . We are going to present a characterization of the Hadamard condition for vector fields obeying a wave equation or Dirac equation on any globally hyperbolic spacetime in terms of a specific form of the wavefront set of the corresponding two-point functions -in other words, we generalize the results of [31] on the equivalence of Hadamard condition and microlocal spectrum condition from the case of scalar fields to that of vector fields and Dirac fields. Moreover, we shall consider not only 4-dimensional spacetime, but all spacetime dimensions ≥ 3.
While the microlocal spectrum condition is far more elegant and can, in the light of the indicated results, quite directly be interpreted as a condition of dynamical stability, the Hadamard condition is more detailed, and so it seems desirable to establish the equivalence of microlocal spectrum condition and Hadamard condition also for vector-valued linear quantum fields. In particular, since two-point functions of Hadamard states differ by a C ∞ -kernel, it seems obvious that the results of [37, 38] generalize from the scalar field case to the effect that all quasifree Hadamard states of a vector-valued linear quantum field (fulfilling canonical commutation or anti-commutation relations) induce locally unitarily equivalent representations of the field algebra. This may provide a starting point for generalizing the results of [4] on the Epstein-Glaser approach to perturbative construction of interacting quantum fields in curved spacetime from scalar fields to vector fields which may have more direct physical relevance.
The contents of this paper is as follows: In Chapter 2 we summarize the definition and basic properties of the wavefront set for scalar and vector-bundle distributions on manifolds. This material is included mainly to establish our notation, and to render the paper, for the convenience of the reader, as self-contained as reasonably possible. An auxiliary result relating the wavefront set of a distribution to the wavefront set of its short-distance scaling limit is also given.
Chapter 3 contains the definition of wave-operators and Dirac-operators on vectorbundles over globally hyperbolic spacetimes of any dimension m ≥ 3. (Since we consider only Majorana-spinors, there are further restrictions on m in the Dirac-operator case.) Much of the material in that chapter is patterned along the references [10, 11, 25, 18, 39] . We also quote the 'propagation of singularities theorem' for distributional solutions of wave-operators, needed later, from [12, 7] .
In Chapter 4 we give a discussion of quantum fields obeying canonical commutation relations (CCR) or canonical anti-commutation relations (CAR), and of quasifree states. We also explain how CCR-or CAR-quantum fields are associated with wave-operators or Dirac-operators, respectively.
In the fifth chapter we begin with the definition of Hadamard states for vector-valued linear quantum fields obeying a wave equation or a Dirac equation in a globally hyperbolic spacetime of dimension ≥ 3. Our definition mimics the approach by Kay and Wald [24] for the scalar case, so we are really defining "globally Hadamard states" whose full definition is a bit involved.
Then we state in Sec. 5.2 the result on the 'propagation of Hadamard form' in the generality needed for the present purposes and sketch the proof, which is an entirely straightforward adaptation of the proof in [17] (cf. also [24] ) for the scalar field case.
In a further step, Sec. 5.3, we determine the short distance scaling limits of Hadamard states which are found to coincide with the two-point functions of the flat-space vacua for multi-component free fields satisfying massless Klein-Gordon or Dirac equations.
Finally, we present our main result as Thm. 5.8 in Sec. 5.4, asserting that Hadamard states of a vector-valued quantum field satisfying a wave-equation and CCR, or a Dirac equation and CAR, can be characterized by the specific form of the wavefront set of their two-point functions exactly as in the scalar field case. In the course of proving that result, we will point out that the original proof of the statement for scalar fields in [31] contains a gap, and we shall provide the means to complete the argument with the help of the result on the propagation of Hadamard form.
Several technical issues related to Hadamard forms have been put into the Appendix. Among them are the precise forms of Hadamard recursion relations for wave-operators on vector-vaalued fields as well as the relation of Riesz-type distributions to Hadamard forms. A considerable part of that material has been taken from the monograph [18] , which we would like to advertise as a most valuable source regarding the mathematics of Hadamard forms.
On the Wavefront Set

Wavefront Sets of Scalar Distributions
holds for all N ∈ N, where χv denotes the Fourier transform of the distribution χ · v.
, is defined as the complement in R n × (R n \{0}) of the set of all regular directed points for v.
Thus, WF(v) consists of pairs (x, k) of points x in configuration space, and k in Fourier space, so that the Fourier transform of χ · v isn't rapidly decaying along the direction k for large |k|, no matter how closely χ is concentrated around x.
If φ : U → U ′ is a diffeomorphism between open subsets of R n , and v ∈ D ′ (U), then it holds that WF(φ * v) = t DφWF(v) where t Dφ denotes the transpose of the tangent map (or differential) of φ, with
. This transformation behaviour of the wavefront set allows it to define the wavefront set WF(v) of a scalar distribution v ∈ D ′ (X) on any n-dimensional manifold X [as usual, we take manifolds to be Hausdorff, connected, 2nd countable, C ∞ and without boundary] by using coordinates: Let κ : U → R n be a coordinate system around a point q ∈ X. Then the dual tangent map is an isomorphism t Dκ : T * q X → R n . We will use the notational convention (q, ξ) ∈ T * X ⇔ ξ ∈ T for any partial differential operator A with smooth coefficients. (This generalizes to pseudodifferential operators A.) It is also worth noting that WF(v) is a closed conic subset of T * X\{0} where conic means (q, ξ) ∈ WF(v) ⇔ (q, µξ) ∈ WF(v) ∀ µ > 0. Another important property is the following: Denote by p M * the base projection of T * X, i.e. p M * : (q, ξ) → q. Then for all v ∈ D ′ (X) there holds
where sing supp v is the singular support of v.
, sing supp v is defined as the complement of all points q ∈ X for which there is an open neighbourhood U and a smooth n-form α U ∈ Ω n (U) so that
In other words, v is given by an integral over a smooth n-form exactly if WF(v) is empty.
Vector Bundles and Morphisms
Let X be a C ∞ vector bundle over a base manifold N (dim N = n) with typical fibre C r or R r and bundle projection π N . The space of smooth sections of X will be denoted by C ∞ (X) and C ∞ 0 (X) denotes the subspace of smooth sections with compact support. These spaces can be equipped with locally convex topologies similar to those of the testfunction spaces E(R n ) and D(R n ), see e.g. [8, 9] . We denote by (C ∞ (X)) ′ and (C It will be useful to introduce the following terminology. Let X be any smooth manifold. Then we say that ρ is a local diffeomorphism of X if there are two open subsets U 1 = dom ρ and U 2 = Ran ρ of X so that ρ : U 1 → U 2 is a diffeomorphism. If U 1 = U 2 = X, then ρ is a diffeomorphism of X. Now let ρ be a (local) diffeomorphism of the base manifold N. Then we say that R is a (local) bundle map of X covering ρ if R is a smooth map from π
N (Ran ρ) with π N •R = ρ and mapping the fibre over each q ∈ dom ρ linearly into the fibre over ρ(q). If this map is also one-to-one and if R is also a local diffeomorphism, then R will be called a (local) morphism of X covering ρ.
We finally note that the terminology introduced above applies equally well to the case where ρ is a local diffeomorphism between base manifolds of different vector bundles.
Wavefront Set of Vectorbundle Distributions
Let X again be a C ∞ vector bundle as before. Then let U ⊂ N be an open subset and let (e 1 , . . . , e r ) be a local trivialization, or local frame, of X over U. That means the e j , j = 1, . . . , r are sections in C ∞ (X U ) so that, for each q ∈ U, (e 1 (q), . . . , e r (q)) forms a linear basis of the fibre π −1 N ({q}). Such a local trivialization induces a one-to-one correspondence between
This, in turn, induces a one-to-one correspondence between (
With this notation, one defines for u ∈ (C ∞ 0 (X U )) ′ the wavefront set as
i.e. the wavefront set of u is defined as the union of the wavefront sets of the scalar component-distributions in any local trivialization over U. Using (2.1) and (2.2) it is straightforward to see that this definition is independent of the choice of local trivializations. Therefore, one is led to the following
. Then (q, ξ) is defined to be in WF(u) if, for any neighbourhood U of q over which X trivializes, (q, ξ) is in WF(u U ) where u U is the restriction of u to C ∞ 0 (X U ). The properties of WF(u) are similar to those in the case of scalar distributions; obviously (2.1) and (2.2) generalize to the vectorbundle case. Also, WF(u) is a closed conic subset of T * N\{0}, and it holds that 5) where p N * : T * N → N is the cotangent bundle projection, and the counterpart of Def. 2.3 relevant here is:
′ , sing supp u is defined as the complement of all points in N for which there are an open neighbourhood U, a smooth section ν ∈ C ∞ (X * ) in the dual bundle X * to X, and a smooth n-form α U ∈ Ω n (U) so that
As in the scalar case, it is very useful to know the behaviour of the wavefront set under (local) morphisms of X. The following Lemma provides this information. The proof can be given by simply adapting the arguments well-known for the scalar case.
1 summation over repeated indices is implied Lemma 2.6. Let U 1 and U 2 be open subsets of N, and let R : X U 1 → X U 2 be a vector bundle map covering a diffeomorphism ρ : Note that the above Lemma applies equally well to the case of bundle morphisms covering diffeomorphisms between base spaces of different vector bundles.
Scaling Limits
In the present subsection we are considering scaling limits of vector-bundle distributions.
Let X be a vector bundle with base N as before. Let q ∈ N and let κ : U → O ⊂ R n be a coordinate chart around q. We assume that the chart range O is convex and that κ(q) = 0. Then we define the following semi-group (δ λ ) 1>λ>0 of local diffeomorphisms of O:δ
(Note that (δ λ ) 1>λ>0 depends on κ, which is not reflected by our notation.) Now let (D λ ) 1>λ>0 be a family of local morphisms of X so that D λ covers δ λ for each 1 > λ > 0.
exists for all f ∈ C ∞ 0 (X U ) and does not vanish for all f , then u (0) will be called the scaling limit distribution with respect to (D λ ) 1>λ>0 at q.
Clearly, the scaling limit distribution is then a member of (C
′ . The following result will later be of interest.
holds for the components D Then
Proof. We will establish the relation
which is equivalent to (2.8) . Using the chart, we identify T * q N with R n , and we identify the components (u
r ) of u (0) and (u 1 , . . . , u r ) of u with respect to a local trivialization of X near q with elements of D ′ (O) where O is the chart range. (Note that it is no restriction to assume that X trivialises on the chart domain since only the behaviour of u in any arbitrarily small neighbourhood of q is relevant here.) With the indicated identifications provided by the chart, the required relation (2.9) reads
in components of the local trivialization, where we have introduced 
To prove that (2.11) holds, we observe that
Furthermore, since (2.10) holds and since the cone Γ is scale-invariant, we see that
Observing that χ 0 u
[λ] for 1 > λ > 0 and using also that
holds for all k ∈ R n , 1 ≤ a ≤ r, the desired bound (2.11) is implied by the last estimate.
3 Wave-operators and Dirac-operators 3.1 Wave-operators on Vector-bundles over Curved Spacetimes
We shall investigate the situation of general vector-valued fields propagating over a curved spacetime. Thus, the basic object of our considerations is a vector bundle V with typical fibre C r , base manifold M (dim M = m) and base projection π M . The base manifold is to have the structure of a spacetime, so it will be assumed that M is endowed with a Lorentzian metric g having signature (+, −, . . . , −). Thus (M, g) is a Lorentzian spacetime-manifold. Within the scope of the present work, we will impose further regularity conditions on the causal structure of (M, g). First, we assume that that (M, g) is time-orientable, i.e. that there exists a global, timelike vectorfield on M. A further assumption which we make is that (M, g) be globally hyperbolic. This means that there exists a Cauchy-surface in (M, g), which by definition is a C 0 -hypersurface in M which is intersected exactly once by each inextendible g-causal curve in M. It can be shown that (M, g) is globally hyperbolic if and only if there exists an m − 1-dimensional manifold Σ and a diffeomorphism Ψ : R × Σ → M so that, for each t ∈ R, Σ t = Ψ({t} × Σ) is a Cauchy-surface in (M, g). This means that a globally hyperbolic spacetime can be smoothly foliated by a C ∞ -family {Σ t } t∈R of Cauchy-surfaces. The causal structure of globally hyperbolic spacetimes is, in a sense, "best behaved". In particular, it has the consequence that if v is a non-zero lightlike vector in T q M for any q ∈ M, then the maximal geodesic γ which it defines (i.e. γ : I ⊂ R → M is a solution of the geodesic equation with γ(0) = q and d dt γ(t) t=0 = v, and any other such curve that has the same properties cannot properly extend γ) is endpointless (inextendible), and thus there is for each Cauchy-surface C in (M, g) exactly one parameter value t so that γ(t) ∈ C.
Let us also collect the notation for the causal future/past sets. If p ∈ M, then one denotes by J ± (p) the subset of all points q in M which lie on any future/past directed causal curve [continuous, piecewise smooth] starting at p. For G ⊂ M, J ± (G) is defined as p∈G J ± (p). For any subset Σ of M one defines its future/past domain of dependence,
, as the set of all points p in M such that each past/future-inextendible causal curve starting at p intersects Σ at least once. Then
Note that the relation of causal separation is symmetric in G and G ′ . The reader is referred to [19, 41] for a more detailed discussion of causal structure.
After this brief reminder concerning some basic properties of Lorentzian spacetimes, we turn now to wave-operators. A linear partial differential operator
will be said to have metric principal part if, upon choosing a local trivialization of V over U ⊂ M in which sections f ∈ C ∞ 0 (V U ) take the component representation (f 1 , . . . , f r ), and a chart (x µ ) m µ=1 , one has the following coordinate representation for P :
Here, ∂ µ denotes the coordinate derivative Observe that thus the principal part of P diagonalizes in all local trivializations (it is "scalar").
We will further suppose that there is a morphism Γ of V covering the identity map of M which acts as an involution (Γ•Γ = id V ) and operates anti-isomorphically on the fibres. Therefore, Γ acts like a complex conjugation in each fibre space, and the Γ-invariant part V
• of V is a vector bundle with typical fibre isomorphic to R r . If P has metric principal part and is in addition Γ-invariant, i.e. Γ•P •Γ = P , then P will be called a wave operator. [Note that we have written here Γ where we should have written Γ ⋆ , however this appears justified since Γ covers the identity, so we adopt this convention since it results in a simpler notation.]
It is furthermore worth noting that, given any wave operator, there is a uniquely determined covariant derivative, or linear connection, ∇ (P ) on V, characterized by the property
Here, P denotes the d'Alembertian operator associated with g on the scalar functions. Then there exists also a bundle map V of V
• covering the identity on the base manifold M such that
(Here we have followed our convention to denote the induced action of the bundle map covering id M simply by V instead of V ⋆ .)
2 Greek indices are raised and lowered with g 
Propagation of Singularities
We consider a wave operator P for a vector bundle V over a spacetime manifold (M, g) (for the present subsection, we need not require that (M, g) be globally hyperbolic). Let
Then we call w a bisolution for the wave operator P up to C ∞ , or, for short, bisolution mod C ∞ , if there are two smooth sections ϕ, ψ ∈ C ∞ (V * ⊠ V * ), where V * denotes the dual bundle of V and V * ⊠ V * is the outer tensor product bundle (this is the bundle over M × M having fibre V * p ⊗ V * q at (p, q) ∈ M × M, with the obvious projection), so that
Here, dµ denotes the volume measure induced by the metric g. In view of the fact that the projection of WF(w) to the base manifold yields sing supp w, one can see that, upon defining
, w is a bisolution for the wave operator P mod C ∞ exactly if
In keeping with that notation, when w, w
′ we shall also say that w agrees with w
if WF(w − w ′ ) = ∅. Let us now define the set of "null-covectors"
Since (M, g) posesses a time orientation, it is useful to introduce the following two disjoint future/past-oriented parts of N,
where ξ £ 0 means that the vector ξ µ = g µν ξ ν is future-pointing and non-zero. On the set N one can introduce an equivalence relation as follows:
iff there is an affinely parametrized lightlike geodesic γ with γ(t) = q, γ(t ′ ) = q ′ and
That is to say, ξ and ξ ′ are co-parallel to the lightlike geodesic γ connecting the base points q and q ′ , and therefore ξ and ξ ′ are parallel transports of each other along that geodesic.
By B(q, ξ) := [(q, ξ)] ∼ we will denote the equivalence class associated with (q, ξ) ∈ N.
With this terminology, we can formulate the propagation of singularities theorem (PST) for wave-operators, which is a consequence of more general results of Dencker [7] together with [12, Lemma 6.5.5] . See also [23] for a more elementary account. 
′ is a bisolution mod C ∞ for P . Then there holds
Propagators and Cauchy-Problem
As in the previous section, we assume that V is a vector bundle with typical fibre C r and base manifold M. Again, M comes endowed with a Lorentzian metric g with the property that the spacetime (M, g) is time-orientable and globally hyperbolic. A time-orientation is assumed to have been chosen. Moreover we suppose that there is a fibre wise complex conjugation Γ on V, and a wave-operator P operating on C ∞ 0 (V) and commuting with Γ. An additional structure will be introduced now: We assume that V is a hermitean vector bundle. That is, there is a smooth section h in V * ⊠ V * so that, for each p in M, h p is a sesquilinear form on V p (this form need not be positive definite). Clearly, h induces an antilinear vector-bundle morphism ϑ : V → V * covering the identity via
Then one can use h to introduce a non-degenerate sesquilinear form
The volume form dµ appearing here is that induced by the metric g on M.
We will furthermore make the following assumption:
It has been observed in [25, 11] that under the stated assumptions the results of [29] imply the existence of unique advanced and retarded fundamental solutions of P . A similar statement can be deduced from [18, Prop. III.4.1]. We quote this result as part (a) of the subsequent proposition from [25] . Part (b) of this proposition is the statement that the Cauchy-problem for the wave-operator is well-posed. The proof of this statement may either be given by generalizing the classical energy-estimate arguments as given e.g. in [19] for tensor-fields to sections in vector bundles, or by using the arguments in [10] Lemma A.4 to globalize the local version of that statement which is proven e.g. in [18, Prop. III.5.4].
Proposition 3.3. (a) The wave-operator P possesses unique advanced/retarded fundamental solutions, i.e. there is a unique pair of (continuous) linear maps
such that
Moreover, from ΓP = P Γ it follows that ΓE ± = E ± Γ, and if P has the hermiticity property (3.6), then it holds that
, and let n be the future-pointing unit-normal vector field along Σ. Using Gaussian normal coordinates, n determines by geodesic transport a vector field in a neighbourhood of Σ (the geodesic spray of n) which is also denoted by n. Then, given any pair f, f
, there is exactly one φ ∈ C ∞ (V) solving the Cauchy-problem for the wave operator P with data induced by f and f ′ , i.e. φ obeys
where ∇ (P ) is the connection induced by P .
Spin Structures and Spinor Fields
In the present section, we summarize a few basics about manifolds with spin structure and Dirac operators, following Dimock's article [11] to large extent, however generalizing parts therein to spacetime dimensions ≥ 3 while specializing at the same time to Majorana spinors. In this context, we refer the reader to [6] . As before, we suppose that (M, g) is a time-orientable, globally hyperbolic Lorentzian spacetime of dimension m. Additionally, we suppose that (M, g) is "space-orientable", i.e. that each Cauchy-surface is orientable. We suppose that time-and space-orientations have been chosen. Then we define F (M, g) as the bundle of time-and space-oriented g-orthonormal frames on M. That is, 
has the structure of a principal fibre bundle with structure group SO ↑ (1, m − 1), where the arrow signifies that the transformations preserve the time-orientation.
The universal covering group of SO
the 2-1 covering projection. Then a spin structure for (M, g) is, by definition, a principal fibre bundle S(M, g) with base manifold M (π S : S(M, g) → M will denote the base projection) and with structure group Spin ↑ (1, m − 1), together with a bundle-homomorphism φ : S(M, g) → F (M, g) preserving the base points, π F •φ = π S , and having the property that
Here, R . denotes the right action of the structure group on the corresponding principal fibre bundles. A sufficient criterion for existence of spin-structures is that M is parallelizable; this is for instance the case for all 4-dimensional globally hyperbolic spacetimes. It is known (cf. [6] ) that for the cases m = 3, 4, 9, 10 mod 8 there are Majorana algebras
3 ) which are generated by elements {γ µ : µ = 0, . . . , m − 1} obeying the relations:
* means taking the hermitean conjugate matrix and ( . ) denotes the matrix with complex conjugate entries. Given a Majorana algebra M(1, m − 1), one can construct a canonical, faithful group endomorphism ℓ : Spin
so that the group multiplication is carried to the matrix product, and with the property that
Therefore ℓ is at the same time a linear representation of Spin
. Thus, given a spin structure and a Majorana algebra, one may form the vector bundle
the vector bundle associated to S(M, g) and the representation ℓ of its structure group Spin Remark. It is just a matter of convenience that we restrict our discussion to the case of Majorana spinors. One could work with Dirac spinors as well; then one has to introduce appropriate 'doublings' of spinor bundle and Dirac operator. Such an approach has, in the context of quantizing Dirac fields, been favoured elsewhere [11, 20, 26, 28, 34] . By employing somewhat more elaborate notation, one may generalize our results in Chapter 5 to the slightly more general case of Dirac spinors.
Dirac-operators
The metric-induced connection ∇ on T M naturally gives rise to a connection on the frame bundle F (M, g). Since the Lie-algebras of Spin ↑ 0 (1, m − 1) and SO ↑ (1, m − 1) can be canonically identified, that connection on F (M, g) induces a connection on S(M, g), from which one obtains a linear connection on D ℓ M. We denote the corresponding covariant derivative operator by ∇ :
Now one can proceed exactly as in [11] and introduce the spinor-tensor γ, the Diracoperator ∇ / and the Dirac adjoint u
is defined by requiring that its components γ µ a b with respect to (appropriate) local frames are equal to the matrix elements (γ µ ) a b , and the Dirac operator is introduced by setting in frame components, for a local
ℓ M is a base-point preserving anti-linear bundle morphism defined by setting (u + ) a = u b γ 0 ab for the dual frame components. This allows to define a hermitean structure h on
and thus the Dirac adjunction plays the role of ϑ of the last section. One can, moreover, introduce a conjugation Γ on D ℓ M by setting, in any frame, (Γu) a = u a for the components. Then one finds
showing that Γ is a skew-conjugation for the hermitean form h and that h is, while nondegenerate, not positive, but rather a conjugate skew-symmetric form (analogous to a symplectic form). As in the last section, h induces a hermitean (now, conjugate skew-
where again dµ is the volume form induced my the metric g on M, and clearly Γ acts now as skew-conjugation with respect to this hermitean form on C ∞ 0 (D ℓ M). Now if m ≥ 0 is a constant (more generally, it could be a Γ-invariant bundle map of D ℓ M covering the identity), one may introduce a pair of Dirac operators
both of which are first-order linear partial differential operators acting on C ∞ (D ℓ M) having the same principal part. Moreover, they have the properties:
, and similar relations hold when replacing D £ by D ¡ . Another property, entailed by the relations (Clifford relations) for the generators of M(1, m − 1), is that P = D £ D ¡ is a wave operator on D ℓ M which fulfills the hermiticity condition (3.6).
The subsequent proposition is a trivial generalization of similar statements in [11] for the four-dimensional case; we refer to that reference for the proof. 
Moreover, it follows that ΓS ± £ = −S ± £ Γ, and
Quantum Fields, CAR and CCR
The present section serves to explain what it means that a quantum field satisfies CAR or CCR. First, however, we have to make precise the idea of a vector-valued quantum field on a spacetime (M, g): 
We also require that
where Φ(f ) * denotes the adjoint operator of Φ(f ).
′ . One defines the symmetric (w (+) ) and antisymmetric (w (−) ) part of w by
and continuous linear continuation to C ∞ 0 (V ⊠ V). To say that a quantum field satisfies CAR or CCR amounts to specifying the symmetric or antisymmetric part, respectively of the two-point functions
independently of ψ ∈ D, ψ = 1. ("c-number commutation relations".) To describe this more concretely, we introduce CAR-and CCR-structures.
CAR case:
We assume that there is a complex Hilbert-space (V, ·, · V ) carrying a conjugation C, together with a continuous linear map
Relative to such a CAR-structure, we say that the quantum field Φ satisfies the CAR if
holds for all unit vectors ψ ∈ D.
CCR case: Here we assume that there is a (real-linear) symplectic space (S, σ(·, ·)) and a real-linear, symplectic map
Relative to this CCR-structure, we say that the quantum field Φ satisfies the CCR if
One can, instead of using quantum fields, alternatively consider states on the Borchersalgebra [2] over the test-section space C ∞ 0 (V). Since we have presented this approach in [33] , we won't discuss this here. Instead, we very briefly sketch the C * -algebraic variant of CAR and CCR which shows how quantum fields may be constructed from states on C * -algebras associated with CAR-or CCR-structures. We begin with the CAR case. Let a CAR-structure (V, ·, · V , C, q V ) be given. Then one can form the corresponding self-dual CAR-algebra B(V, C) [1] , which is the C * -algebra with unit 1 generated by a family of elements{B(v) : v ∈ V} with the relations
(There is a unique C * -norm compatible with these relations.) Now let ω be any state, i.e. a positive (ω(B * B) ≥ 0), normalized (ω(1) = 1) linear functional on B(V, C). Then let (π ω , H ω , Ω ω ) be the corresponding GNS-representation 5 . It induces a quantum field {Φ, D, H} as follows. Take H = H ω , and define Φ(f ) by
(4.1) 5 We recall here the following fact. Let ω denote a positive, normalized linear functional on a C * -algebra A with unit 1. Then there exists a triple (π ω , H ω , Ω ω ), called GNS-representation of ω where H ω is a complex Hilbert-space, π ω is a * -representation of A by bounded operators on H ω , and Ω ω is a unit vector in H which is cyclic for π ω (π ω (A)Ω ω is dense in H ω ), with the property that ω(A) = Ω ω , π ω (A)Ω ω for all A ∈ A. The triple (π ω , H ω , Ω ω ) is unique up to unitary equivalence.
As domain D one may take PΩ ω , where P is the set of all polynomials in the Φ(f ), f ∈ C ∞ 0 (V). One could as well take D = H ω since the Φ(f ) are bounded operators as consequence of the CAR. It is then straightforward to see that this quantum field satisfies the CAR. Note that Φ depends on the chosen state ω, and each state ω induces via (4.1) a quantum field satisfying the CAR.
We can associate with any state ω on B(V, C) its two point function ω 2 , defined by
with Φ(f ) as in (4.1); then ω 2 is an element of (C ∞ 0 (V ⊠ V)) ′ . Next, we turn to the CCR-case. Let (S, σ, q S ) be a CCR-structure. Then let W(S, σ) be the CCR-or Weyl-algebra associated with the symplectic space (S, σ). This is the C * -algebra with unit 1 generated by a family of elements {W (φ) : φ ∈ S} with relations
(Also in this case there is a unique C * -norm compatible with these relations.) Now let ω be a state on W(S, σ) with corresponding GNS-representation (π ω , H ω , Ω ω ). This state is called regular if, for each φ ∈ S, the unitary group R ∋ t → π ω (W (tφ)) is strongly continuous. Consequently, we have for each φ ∈ S a selfadjoint generator R(φ) so that π ω (W (tφ)) = exp(itR(φ)). However, in order to ensure that there is a dense common invariant domain for all R(φ), φ ∈ S, and moreover, to obtain a quantum field, one needs to impose a stronger regularity condition. We say that ω is C ∞ -regular if, for all N ∈ N, the map
is C ∞ in t and if it is, together with all partial t-derivatives, continuous in f . Note that this requires that f, f ′ → σ(q S (f ), q S (f ′ )) is continuous. Given a C ∞ -regular state ω on W(S, σ), we obtain a quantum field {Φ, D, H} from the GNS-representation (π ω , H ω , Ω ω ) via setting H = H ω , D = PΩ ω where P is the set of polynomials in the R(φ), φ ∈ S and
We remark that, as in the CAR-case, the quantum field depends on the choice of a C ∞ -regular state ω. There exist very many C ∞ -regular states for
) is continuous, in particular every quasifree state on W(S, σ) is C ∞ -regular. Similarly as above, we associate with any C ∞ -regular state ω on W(S, σ) its two-point function,
where Φ(f ) is defined by (4.2). Again
Finally, we indicate how wave-operators and Dirac operators induce CCR-structures and CAR-structures, respectively.
Wave operator/CCR case: We assume that V is a hermitean vector bundle, with typical fibre C r , and base manifold M so that (M, g) is a globally hyperbolic spacetime of dimension m ≥ 3. Furthermore, we suppose that P is a wave operator acting on the smooth sections in the vector bundle satisfying the hermiticity condition (3.6). Let E := E + −E − where E ± are the unique advanced/retarded fundamental solutions of P , cf. Prop. 3.3. Then define
where ( . , . ) is the hermitean form on C ∞ 0 (V • ) introduced in (3.5). We call the thus defined CCR-structure the CCR structure induced by P . 
Here ( . , . ) is the hermitean form on C ∞ 0 (V) introduced in (3.8). Finally, it should be noted that the quantum fields associated with these CAR and CCR structures satisfy the Dirac-equation and the wave-equation, respectively. That is, if (S, σ, q S ) is the CCR-structure induced by the wave-operator P and the quantum field Φ is defined as in (4.2), then
and if (V, . , . V , q V ) is the CAR structure induced by the Dirac operator D ¡ , and Φ is defined as in (4.1), then
5 Hadamard Forms, Hadamard States
Definition of Hadamard Forms and Hadamard States
Our next task is to give the definition of Hadamard forms and of Hadamard states. Our definition follows that given by Kay and Wald [24] (for bosonic fields; the formulation for fermionic fields is an adaptation of the approach in [24] together with the notion of Hadamard form for Dirac fields in [30] which in similar form appeared in [26] and [39] ). The definition of Hadamard forms in full detail is unfortunately somewhat laborious. We proceed by first collecting the definitions of various notions entering into the definition of Hadamard forms; however, we relegate the full definition of the coefficient sections determined by the Hadamard recursion relations for the wave operator P (taken from [18] ) to the Appendix. We suppose that we are given a hermitean vector bundle V over a globally hyperbolic spacetime manifold (M, g) (m := dim M ≥ 3), together with a wave-operator P on C ∞ 0 (V) fulfilling the hermiticity condition (3.6). Γ denotes a fibrewise conjugation on V commuting with P .
(a) Causally normal related points: A convex normal neighbourhood in M is an open
domain U in M such that for each pair of points p, q ∈ U there is a unique geodesic segment contained in U which connects p and q. We denote by X the set of all those (p, q) ∈ M × M which are causally related and for which J + (p) ∩ J − (q) and J − (p) ∩ J + (q) are contained in a convex normal neighbourhood in M.
(b) Causal normal neighbourhoods: According to [24] , an open neighbourhood N of a Cauchy-surface Σ in (M, g) is called a causal normal neighbourhood of Σ if Σ is a Cauchy-surface for N and if for each choice of p, q ∈ N with p ∈ J + (q), there exists a convex normal neighbourhood in M in which J − (p) ∩ J + (q) is contained. It is shown in [24] that each Cauchy-surface possesses causal normal neighbourhoods.
(c) Squared geodesic distance, Hadamard coefficient sections:
There is an open neighbourhood U of X on which s(p, q), the squared geodesic distance between p and q (signed, such that s(p, q) > 0 for p, q spacelike, s(p, q) ≤ 0 for p, q causally related), is well defined and smooth. Moreover, U may be chosen so that there are smooth sections U, V (n) and T (n) , n ∈ N, in C ∞ ((V ⊠ V * ) U ) which are uniquely determined by the 'Hadamard recursion relations' for the wave operator P , see Appendix A.1 for precise definition (taken from [18] ). These are called the Hadamard coefficient sections for P . If U has been chosen in the described way, then we call U a regular domain. We also have to define some distributions on M. To this end, let N be a causal normal neighbourhood, t a time-function on N, and ε > 0. Moreover, let χ be an N-regularizing function with domain pair U * , U. Then we define the smooth function (with m = dim M)
with support in N × N. In case m is even, we also define
where the branch cut of the logarithm is taken along the negative real line. The constants β (1) , β (2) in the above formulas are given by
For an account of some properties of these distributions, see Appendix A.3. Now we can formulate the notion of Hadamard form:
′ is of Hadamard form on N for the wave operator P if there are
• an N-regularizing function χ with corresponding domain pair U * , U (implying that the square of the geodesic distance s and the Hadamard coefficient sections U, T (n) , V (n) , n ∈ N, for P are well-defined and smooth on U),
• a time-function t,
and for m even:
where we have used abbreviations like
to denote the function in C ∞ 0 (N × N) resulting from contracting ϑf ⊗ f ′ pointwise with T (n) . Here, ϑ is the antilinear base-point preserving bundle-morphism from V onto V * induced by the hermitean form as in (3.4), and we have written ϑ also in places where we should have written ϑ ⋆ in order to simplify notation.
The notion of Hadamard form seems to depend on the choice of the time-function t and the N-regularizing function χ; however, that turns out not to be the case. The difference of a distribution w which is of Hadamard form relative to an N-regularizing function χ and a distribution w ′ of Hadamard form relative to an N-regularizing function χ ′ is C ∞ because χ and χ ′ are both equal to 1 in a neighbourhood of the singular support of w and w ′ . Thus w is Hadamard relative to χ ′ and w ′ relative to χ, as well -a different choice of χ may be absorbed into a different choice of the H (n) . In Appendix A.3 we will use an argument similar to that in [24] for the case of scalar fields to show that, given a causal normal neighbourhood N of a Cauchy-surface, the definition of Hadamard form is independent of the choice of the time-function t that entered into the definition.
Moreover, a solution w of the wave-equation mod C ∞ which is of Hadmard form has another remarkable property, known as "propagation of the Hadamard form". We will turn to this in the subsequent section.
We are now ready to present our definition of Hadamard states associated with the wave operator P in the CCR case.
Definition 5.2. Let (S, σ, q σ ) be the CCR-structure induced by the wave operator P and ω a C ∞ -regular state on the CCR-algebra W(S, σ). We say that ω is a Hadamard state if there is a causal normal neighbourhood N of a Cauchy-surface in (M, g) so that ω 2 (the two-point function of ω) is of Hadamard form. ′ of Hadamard form on N for the wave operator P = D £ D ¡ so that
We note several things in connection with this definition. First, these definitions of Hadamard state seem to depend on the choice of a causal normal neighbourhood N, but the next section will show that this is not the case.
Moreover, for reasons of consistency with the CCR-and CAR-structures one has to check the following neccesary conditions. 
causal normal neighbourhood of any Cauchy-surface, and suppose that
′ is of Hadamard form for the wave-operator P on N. Then w is a bisolution mod C ∞ for P on N.
Drawing on results of [14, 18] , it will be shown in Appendix A.4 that Hadamard forms possess the claimed properties.
However, we should point out that these properties of Hadamard forms, while enough for our purposes later, are really only necessary conditions for the existence of Hadamard states. First, a further condition is imposed by the positivity of a state, ω(A * A) ≥ 0, for all A ∈ W(S, σ) or all A ∈ B(V, C). At the level of two-point functions, this implies
for all test-sections f and f ′ , both in the CCR and CAR case. Moreover, two-point functions ω 2 are proper bisolutions -not just mod C ∞ -for the wave-operator in the CCR case, and for the Dirac operator in the CAR case.
Since one may construct quasifree states on W(S, σ) or B(V, C) from two point functions, the question whether Hadamard states exist is equivalent to the question of whether there are Hadamard forms w which are proper bisolutions of the wave-operator or the Dirac operator satisfying (5.4) or (5.5), respectively, together with the property
for all test-sections f and f ′ . We will not answer this question in the present paper. Yet, it is worth mentioning that our results in [33] together with the techniques developed in [16] to establish the existence of Hadamard states in the scalar field case strongly point towards a positive answer.
What seems also worth mentioning is that, as we will see in the next section, the positivity condition (5.6) forces the hermitean form h on V to be positive, in the wave operator/CCR case.
Propagation of Hadamard Form
In this section we are going to present the propagation of Hadamard form under the dynamics of a wave-operator on sections of a vector bundle. It is a very straightforward generalization of an analogous result for the case of scalar fields, which has been established in a first version by Fulling, Sweeny and Wald [17] and, for the present notion of "global" Hadamard form, by Kay and Wald [24] . The main reason for presenting the propagation of Hadamard form result here is that, in contrast to a claim made in [31] (regarding the same issue for the scalar field case), it will turn out to be needed in establishing the characterization of Hadamard states in terms of the wavefront sets of their two-point functions. Below, in the proof of Thm. 5.8, we will explain why the argument in [31] (and similarly a related argument in [27] ) contains a gap, which will be closed by employing the propagation of Hadamard form.
The assumptions on P, V, Γ, (M, g) etc. are the same as in Sec. 5.1. Proof. Since there is essentially no deviation from the proof of this statement given for the scalar case in the works [17, 16, 24] , we shall be content with giving only a sketch of the proof.
Let Σ ′ be another Cauchy-surface with causal normal neighbourhood N ′ . We assume first that 
We write C
• for the open interior of C; it is also a globally hyperbolic sub-spacetime. Now C is a compact subset of M(Σ, Σ ′ ) and hence there is a finite subfamily N 1 , . . . , N k of {N t } t∈R covering C. It is not very difficult to see that one may choose such a family with the following properties: (1) Σ j+1 ⊂ int J + (Σ j ) holds for the corresponding Cauchysurfaces of which the N j are causal normal neighbourhoods; (2) For all j = 1, . . . , k − 1 there is some t(j) ∈ R with (
. Now by assumption, w is of Hadamard form on N, and thus certainly w is of Hadamard form when restricted to K (that is, w restricted to
• we have w = w 1 mod C ∞ . Now N\cl(Ñ) contains a Cauchy-surfaceΣ for M(Σ, Σ ′ ) (owing to the properties of causal normal neighbourhoods). And hence, since w 1 is a Hadamard form on N 1 ∩ C
• and thus a bisolution of the wave-operator mod C ∞ , as likewise is w by assumption, this implies that
, as follows by a straightforward generalization of Lemma A.2 in [16] . But this entails that w = w 1 mod C ∞ on all of N 1 ∩ C • , and thus w is of Hadamard form N 1 ∩ C • . From here onwards, one iterates the just given argument to show inductively that if w is of Hadamard form on N j ∩ C
• , then it is also of Hadamard form on N j+1 ∩ C • , and hence w is of Hadamard form on all N j ∩ C
• , j = 1, . . . , k ; cf. the argument of "Cauchy-evolution in small steps" in [17] . Finally, since N k ∩ C
• covers the part K ′ ∩ C • of K ′ , one concludes in a like manner that w is also of Hadmard form on K ′ . And since the relatively compact set Σ ′ ♯ ⊂ Σ ′ entering in the definition of K ′ was arbitrary, this shows that w is of Hadamard form on all of N ′ . This establishes the statement of the Theorem for the case that Σ ′ ⊂ int J + (Σ), but it is obvious that an analogous proof establishes the statement also in the case Σ ′ ⊂ int J − (Σ). Now let Σ ′ be an arbitrary Cauchy-surface. Then one can choose a Cauchy-surface
. One concludes first that w is of Hadamard form on any causal normal neighbourhood N ′′ of Σ ′′ , and then that w is of Hadamard form on N ′ .
Scaling Limits
Next we shall determine the short distance scaling limits of Hadamard forms (and thereby, of Hadamard states); this also gives in combination with Prop. 2.8 some first information on their wavefront sets. Some notation needs to be introduced for this purpose.
Let Ω be a convex normal neighbourhood of a point p in M such that V Ω trivializes. Ω can be covered by (inverse) normal coordinates ξ p ′ centered at p ′ , for any p ′ ∈ Ω. The precise definition of these coordinates is given in Appendix A.2. Fixing p ∈ Ω, we can now define dilations
Let (e i ) i=1...r be a local frame for V Ω . This frame induces a local bundle morphism D λ covering δ λ via
as well as a bundle morphism
where (b i ) i=1...r is the standard basis of C r . Furthermore, we can express the linear map ϑ•Γ| p : V p → V * p as a matrix with respect to the basis (e i | p ) i=1,... ,r of V p and its dual basis in V * p . This matrix will be denoted by Θ = (Θ ab ) r a,b=1 . Then we write
Now let α ∈ R. We define an action of the dilations on test sections by
We use this action to define scaling limits for distributions as described in Section 2.4. The following result gives information about the scaling limit of a Hadamard state at (p, p) ∈ M × M. 7 For its formulation note that G
η stands for the distribution G (1) taken with respect to the flat metric ("g = η") on the domain of ξ p induced by the normal coordinates at p. The proof of this statement will be given in Appendix A.5. 
7 it is customary to call this also simply the "scaling limit at p"; this is abuse of language according to the definition of scaling limit in Sec. 2.4: Note that the objects q ∈ N , X, D * λ of Sec. 2.4 corresponds
The statement says that the scaling limit of the two-point function of a Hadamard state assumes the form of the two-point function for a multicomponent field obeying the massless Klein-Gordon equation (CCR-case) or the massless Dirac equation (CAR) on flat Minkowski space, apart from the appearance of the invertible matrix Θ.
Since we have assumed that ω is a state so that ω 2 (Γf ⊗f ) ≥ 0, Θ cannot be completely arbitrary. In fact, in the CCR-case, Θ · (Γ•Γ 0 ) must be a positive definite matrix, and hence the sesquilinear form h must be positive definite, i.e. h is a fibre bundle scalar product. Here, Γ•Γ 0 means the matrix obtained in the basis (e i | p ) from composing the conjugation Γ : V p → V p with the conjugation Γ 0 :
Lemma 5.7. For the above defined sesquilinear forms ω
Proof. The claim (i) is easy to see: Since Θ is an invertible matrix, one can use Lemma 2.6 (for the case of a bundle morphism) to reduce the proof of the statement to the scalar case, where the claimed property is well-known (cf. [32, 31] ). To prove (ii), note first that again by Lemma 2.6 it is sufficient to show (0,
2 ) for each future pointing, lightlike v in Minkowski space, where
Assume the wavefront set of u
were empty at the base-point (0, 0). Then u
is C ∞ near (0, 0) and we find that
with α ≤ 2m − 1 and
is scale invariant, i.e.
we write y 2 = η µν y µ y ν for the squared Minkowskian distance in coordinates
, where ∆ is the Euclidean Laplacian in R m . But this is clearly a contradiction since (−∆) ⊗ (−∆) is an elliptic differential operator and thus preserves the wavefront set of the distribution
and this is non-empty at coinciding base points as remarked above. Therefore, there are elements (p, ξ; p, ξ ′ ) ∈ WF(ω (A) 2 ). However, every such element must be of the form ξ ∈ N + , ξ ′ = −ξ since this is so for ω 
Main Theorem
In his important work [31] , Radzikowski has given a characterization of Hadamard states in terms of their wavefront sets for the case of scalar fields. (Related work concerning the Dirac field in four dimensions, using the polarization set instead of the wavefront set, can be found in [20, 28] .) The subsequent theorem generalizes Radzikowski's result to fields that are sections in vector bundles, and fulfill the CCR or CAR. The arguments used are in part taken from [31] with some adaptations. However, there is a gap in the arguments of [31] (and similarly in [27, 20, 28] ) which we will point out and remedy in the course of our proof. Furthermore, in contrast to [31] , we won't make use of the existence of 'distinguished parametrices' for the wave operator which was established in the scalar field case in [12] .
The assumptions are the same as in Sec. 5.1.
Theorem 5.8. Let ω be either:
• a C ∞ -regular state on the CCR-algebra W(S, σ) associated with a CCR-structure induced by a wave operator P .
• a state on the CAR-algebra B(V, C) associated with a CAR-structure induced by a Dirac operator D ¡ .
Then it holds that: (a) If there is a causal normal neighbourhood N of a Cauchy-surface in (M, g) so that
ω is a Hadamard state on N, then Remark. (i) As will be obvious from the proof, one also has the following slightly more general statement of part (a): Let w be a bisolution mod C ∞ for the wave-operator, and suppose that w is of Hadamard form on N. Then WF(w) = R. It is not clear, however, if the converse direction (b) holds for w unless its symmetric or antisymmetric part is suitably fixed (mod C ∞ ) as is the case for two-point functions of quantum fields fulfilling CAR or CCR.
(ii) It will also be apparent from the proof that (b) holds also under the assumption WF(ω 2 ) ⊂ R (and even under the seemingly much weaker assumption WF(ω 2 ) ⊂ N + × N − ). This proves the claim made in [33] that a two-point function ω 2 of a quantum field fulfilling CAR or CCR and WF(ω 2 ) ⊂ R is of Hadamard form and thus WF(ω 2 ) = R.
′ be defined by
where χ is an N-regularizing function. Using the arguments of part (i) of the proof of Thm. 5.1 in [31] in combination with Lemma 2.6, it is straightforward to deduce
′ denotes a Hadamard form on N, then by the very definition of Hadamard form w − G n is given by a C nintegral kernel, for all n ∈ N. Therefore one obtains as in the proof of Thm. 5.1 in [31] 
whenever ω 2 is the two-point function of a Hadamard state on N. (For the CCR case this is immediate as in this case ω 2 N ×N = w for some Hadamard form w on N. For the CAR case this follows since then ω 2 N ×N = (D £ ⊗ 1)w for some Hadamard form w on N, and application of differential operators cannot increase the wavefront set.) Now, for any quasifree state ω fulfilling the CCR or CAR it holds that ω 2 is a bisolution for the wave-operator (it would be sufficient for the subsequent arguments that ω 2 be a bisolution mod C ∞ ). This means that one can apply the PST, Prop. 3.2, in order to show that (5.11) already implies
owing to the fact that N is a neighbourhood of a Cauchy-surface Σ: Let (q, ξ; q ′ , ξ ′ ) be an element of WF(ω 2 ). Then the first part of Prop. 3.2 shows that ξ, ξ ′ are both lightlike. As any inextendible lightlike geodesic intersects Σ, we can -provided that both ξ and ξ ′ are non-zero -use the second part of Prop. 3.2 to conclude that (p, ζ; p
But then, because of (5.11), p = p ′ , ζ = −ζ ′ with ζ ′ future pointing. Thus we conclude that (q, ξ; q ′ , ξ ′ ) ∈ R. However, an important ingredient of this argument was the assumption that both ξ and ξ ′ are non-zero. While points (q, 0; q ′ , 0) ∈ T * M × T * M (i.e. both ξ and ξ ′ equal to zero) are by definition excluded from WF(ω 2 ), there is still the possibility that points in N × N of the form (q, 0; q ′ , ξ ′ ) or (q, ξ; q ′ , 0) might occur in WF(ω 2 ). This possibility must be ruled out separately, and this has not been done in the proof of Thm. 5.1 in [31] (and likewise not in the proof of Thm. 3 in [27] ). Due to having overlooked this gap, it has been claimed explicitly in [31] that the propagation of Hadamard form result were not needed in order to conclude that WF(ω 2 ) ⊂ R once it is known that ω 2 is of Hadamard form on some causal normal neighbourhood N. As far as we can see, however, the propagation of Hadamard form result is needed in order to conclude that points (q, ξ; q ′ , 0) or (q, 0; q ′ , ξ ′ ) aren't contained in WF(ω 2 ). At least it will prove sufficient to reach at this conclusion, as we shall be going to demonstrate.
We make a further comment here. If (q, ξ; q ′ , ξ ′ ) ∈ WF(ω 2 ) and, say, ξ ′ = 0, it is still formally correct to deduce via the PST that B(q, ξ) × B(q ′ , ξ
consists only of the point (q ′ , 0) itself: i.e. the singularity of the second entry of ω 2 doesn't propagate in this case. Therefore, when considering e.g. (q, ξ; q ′ , 0) with q ′ not in N, then B(q, 0) won't meet N and so one cannot use the PST to decide if (q, ξ; q ′ , 0) is in WF(ω 2 ) by exploiting known properties of ω 2 on N. However, the propagation of Hadamard form in combination with the PST provides the lacking information.
We will give an indirect proof and thus assume that WF(ω 2 ) contains an element of the form (q, ξ; q ′ , 0). Then there will be a Cauchy-surface Σ ′ passing through q ′ ; this Cauchysurface possesses a causal normal neighbourhood N ′ . By the propagation of Hadamard form, ω 2 , being a bisolution (mod C ∞ would suffice) for the wave-operator, will be of Hadamard form on N ′ . Moreover, ξ = 0, and so there is some point (p, ζ) ∈ B(q, ξ), ζ = 0, with p ∈ Σ ′ . Since ω 2 is of Hadamard form on N ′ , it follows (see above) that
, and thus (p, ζ; q ′ , 0) can only be contained in WF(ω 2 ) if p = q ′ and ζ = 0. By the PST, this contradicts the assumption that (q, ξ; q ′ , 0) ∈ WF(ω 2 ). Thus elements of the form (q, ξ; q ′ , 0) are absent from WF(ω 2 ), and by an analogous argument, also pairs of covectors of the form (q, 0; q ′ , ξ ′ ) aren't contained in WF(ω 2 ). Thus we have established the inclusion (5.12).
Now we have to establish the reverse inclusion
In order to prove this we use Prop. 5.6 and Lemma 5.7 together with Proposition 2.8, showing that for any Hadamard state ω on the CCR-algebra one has
The same result can be derived for any Hadamard state ω on the CAR-algebra. According to the PST, this implies that
Since this holds for all q in the causal normal neighbourhood N of a Cauchy surface, relation (5.13) now follows. Thus we have proved WF(ω 2 ) = R.
(b) Now let ω be a state on the CCR or CAR algebra associated to some (wave or Dirac) operator with the property that (5.9) holds. Let N be a causal normal neighbourhood of any given Cauchy-surface. According to Lemma 5.4 , there is, in the CCR-case, a Hadamard form w on N fulfilling (5.4), and in the CAR-case, there is a Hadamard form w on N obeying (5.5). According to part (a) of the proof, it holds in either case,
so that one obtains
Now we have in the CCR-case
2 N ×N = 0. Introducing the flip morphism
and some bundle morphism I covering ι, as well as u := w − ω 2 N ×N , this implies
But because of the anti-symmetry of the set N + × N − , its intersection with its image under t Dι −1 , N − × N + , is empty, so one finds
The same reasoning applies to the CAR-case, where
2 N ×N = 0. Thus ω 2 is shown to be of Hadamard form on N in both cases. This shows that ω is a Hadamard state.
A Appendix
A.1 The Hadamard Coefficients
In this appendix we give the definition of the Hadamard coefficients for the wave-operator P on the vector-bundle V according to Chapter III in [18] , adapted to our notation.
Let N be a causal normal neighbourhood of an arbitrary Cauchy-surface, and let χ be an N-regularizing function with support domain U * , U. Then for (p, q) ∈ U, the (signed) square of the geodesic distance between p and q, s(p, q), is well-defined and a smooth function of both arguments. For each (p, q) ∈ U, denote by s q (p) the vector grad p s(p, q) in T p N, and define
Then by Prop. III.1.3 in [18] , there is exactly one sequence
with the initial conditions
, where the latter condition is to be understood with respect to dual frame indices for V and V * , respectively, and the differential operators in (A.1) act on the left tensor entry, i.e. with respect to the variable p. (We caution the reader that at this point our notation deviates from that in [18] .)
The members of the sequence {U (k) } k∈N 0 are called Hadamard coefficients.
With this definition, the sections U, V (n) and
appearing in the main text (which are also often referred to as Hadamard coefficients) are given by
If the wave-operator P in question is symmetric w.r.t. to the sesquilinear form (3.5), the corresponding Hadamard coefficients have an additional symmetry property which we shall use below. To state this property, let Θ = ϑΓ where ϑ and Γ are the morphisms defined in the main text and define ι to be the flip morphism
Note that the map Θ :
on V, and hence one can introduce its transpose
. Using frame-indices, we introduce the notation
With that notation, we have Lemma A.1. If P is symmetric, i.e. fulfills (3.6), the section
vanishes faster than any power of s(p, q) on the set {(p, q) ∈ U | s(p, q) = 0}, for all k ∈ N.
A proof of this fact can be obtained by combining the results of Prop. 4.6 and 4.9 from [18] , Chap. III.
A.2 Normal Coordinates
Let Ω be a convex normal neighbourhood, containing a point p. Then we can cover Ω by normal coordinates ξ p : R m → Ω centered at p as follows: We identify R m and T p Ω, using a basis
and let ξ p (x) := exp p (w(x)) for all x.
A useful fact about normal coordinates is that
Unfortunately, there is no such simple formula for the geodesic distance s(ξ p (x), ξ p (y)) if both points are different from p. There is, however, a useful approximation to it, which we will have occasion to use below: Let λ be in R, λ ≥ 0. Then we have
where φ(x, y) is a remainder which is smooth in x, y. For details see [35] . It will be useful to have a symbol for the pullback of functions f in C ∞ 0 (Ω) via normal coordinates. We therefore definȇ
A.3 Some Properties of χG
We can now begin our investigation of the distributions showing up in our definition of a Hadamard form by considering special kinds of distributions on Minkowski space: Let t be a time function on m dimensional Minkowski space with t(0) = 0 and definẽ
where the functions G
ε are given by equations (5.1), (5.2), taken in the case of the Minkowski metric (i.e. −s(x, y) = η µν (x − y)
µ (x − y) ν = η(x − y, x − y)) and with χ ≡ 1. Although the time function t enters the above definition, the distributionsG (1) andG (2) do actually not depend on t. More precisely, we have
In case m is odd, we carry out a (m − 3)/2-fold partial integration with respect to σ and arrive at
where again c ′ is a suitable constant. Since the limit of the integrand is not locally integrable in τ , we are not ready to apply Lemma B2 of [24] yet. But we have already written the integrand in a suggestive form as to the next partial integration. This turns (σ − τ 2 − i2εt + ε 2 ) −1 into a logarithm and the (σ − τ 2 − i2εt p + ε 2 ) 1/2 to (. . . ) −1/2 , at worst, thus rendering the integrand locally integrable in the limit ε → 0. We also get a boundary term at the integration boundary σ = 0, which is integrable in the limit ε → 0 as well. Inspection of these limits shows that they are indeed independent of t, whence G (1) is well defined and independent of t also in this case. As a consequence of the independence of t, we can write the distributions in the form given in the statement of the Lemma: Using the trivial time-function t 0 (x) := x 0 and the abbreviation g ε (x) := −η(x, x) − i2εx 0 + ε 2 , we get By exchanging the the integration and the limit, we finally get the desired result.
We also have to introduce the so called Riesz distributions, as defined in [18] Note that β is chosen such thatR(α)[φ] =R(α + 2)[Pφ] for all α > m. We define the distributionsR(α) for all α ∈ R by means of this relation. As before, let Ω denote a causal normal neighbourhood and ξ p normal coordinates on Ω. We can then define distributions R Ω (α) on C ∞ 0 (Ω × Ω) by
and continuous extension to C ∞ 0 (Ω×Ω). These so called Riesz distributions bear a certain relation to the distributions we are really interested in: Let Ω be a normal neighbourhood, t be a time function on Ω and denote by G (1,Ω) , G (2,Ω) the distributions on C ∞ 0 (Ω × Ω) obtained by setting χ ≡ 1 in the definition of the distributions χG (1) , χG (2) , respectively. We caution the reader, that, as a consequence, G (1,Ω) and G (2,Ω) are not well defined on C ∞ 0 (M × M) in contrast to χG (1) , χG (2) .
Ω, given in [18] :
uniqueness of the fundamental solution, we have E Ω = E| Ω , which concludes the proof of the lemma in the CCR case.
For the CAR case, note that Γ acts as a skew-conjugation. Thus, the computation can be carried through as above, and one can choose the sections H ′ (n) of w ′ such that
which in turn gives the desired result.
(iii) Finally, we have to show that part (c) of Lemma 5.4 holds. We follow the argument given in the "Note added in proof" in [31] . To this end we note that by part (a), w (−) , the antisymmetric part of a Hadamard form w, is always a bisolution mod C ∞ for the wave-operator P . On the other hand, according to Thm. 5.1, part (i), in [31] (cf. the proof of our Thm. 5.8), it holds that WF(w) ⊂ R, where the set R has been defined in (5.9); it is significant that R ⊂ N + × N − . Now since w (−) is a bisolution mod C ∞ for the wave-operator P , it holds that WF(w (P )(−) ) = ∅, where w (P ) has been defined in Sec. 3.2. Thus WF(w (P ) ) = WF(w (P )(+) ) ⊂ N + × N − . But since w (P )(+) is symmetric, its wavefront set must be invariant under t Dι −1 where ι : (p, q) → (q, p) is the 'flip' morphism on N × N. That is, one concludes exactly as in part (b) of the proof of Thm. 5.8 that WF(w (P )(+) ) must be contained in (N + × N − ) ∩ (N − × N + ) = ∅. Similarly one concludes that WF(w (P ) (+) ) is empty, and thus w is a bisolution up to C ∞ for the wave-operator P .
A.5 Scaling Limits
In this section, we will prove Prop. 5.6 of the main text, determining the scaling limit of a Hadamard distribution at p. Let, for the rest of the section, p be some point of M and Ω a convex normal neighbourhood of p, small enough such that V Ω trivializes. Let the morphisms δ λ , D λ . We will also use the shorthand G 
Proof. Since for each f ∈ C ∞ 0 (Ω) the support of d
λ f is for λ → 0 shrinking to p, it suffices to prove the statement for the case that F ∈ C ∞ 0 (Ω × Ω). We will demonstrate the statement only for simple tensors F = u ⊗ u ′ with u, u ′ ∈ C ∞ 0 (Ω) since this results in slightly simpler notation, but it will be obvious from the argument that general F ∈ C ∞ 0 (Ω × Ω) can be dealt with in exactly the same manner.
We begin by considering G (1,Ω) in case m is odd: By using the results of App. A.3, we see that
where c is some constant depending on m and p (q ′ )), which we denote by (x, y). We get
terms with less than m − 1 derivatives with h given by (A.9). Using this, and lim λ→0 det(g ξp(λx) ) = det(g p ) = 1 we get the desired result.
The case m even is treated exactly the same way, with the exception that there is a term (x − y) 2 ln λ 2 in λ −1 h(v(λx, λy)) which seems to blow up for λ → 0. Using partial integration, it is easy to see, though, that the term in G (1,Ω) resulting from this term in h vanishes for any λ. Therefore, the rest of the argument goes through unchanged.
The argument for G (2,Ω) runs along the same lines.
Proposition 5.6 is now a corollary of the above Lemma: Let U be in C ∞ (V ⊠ V * ). In the components of the frame (e i ) used to define D λ in (5.8), we write
and thus we obtain by the lemma,
where U denotes the image of U| (p,p) under R ⊗ R. The content of Prop. 5.6 concerning the CCR-case is now a consequence of simple properties of the Hadamard coefficients, such as U (0) (p, p) = 1. In the CAR case, the appearance of an additional factor λ −1 due to the differential operator D £ has to be compensated by a different choice of α, as done in the proposition.
